The Yang-Mills field strength incorporating a non-abelian feature is one of the cornerstones of the standard 
INTRODUCTION
Although Yang-Mills (YM) gauge theory is now done using fiber-bundel theory -see, for instance, the review articles of Daniel [1] and Marateck [2] -it is of interest to analyse the way it developed using classical gauge theory.
In their seminal paper [5] , when Yang and Mills discuss the phase factor -gauge transformation relationship, they cite Pauli's review paper [3] . It is interesting that, although Pauli in that paper presents the electromagnetic field strength in terms of a commutator, for whatever reason Yang and Mills did not use the commutator to obtain the Yang-Mills (YM) field strength -they obtained it by generalizing the electro-magnetic field strength. We provide an analysis of the steps required to derive the YM field strength in this way. Also presented is a derivation of this field strength using the commutator approach and the derivation of the YM field transformation using a slightly different way than is traditionally done.
GAUGE THEORY
Weyl [4] introduced as a phase factor an exponential in which the phase α is preceded by the imaginary unit i, e.g., e
+iqα(x) , in the wave function for the wave equations (for instance, the Dirac equation is (iγ µ ∂µ − m)ψ = 0 For the wave equations to be gauge invariant, i.e., have the same form after the gauge transformation as before, the local phase transformation ψ(x) → ψ(x)e +iα(x) has to be accompanied by the local gauge transformation
This dictates that the ∂µ in the wave equations be replaced by the covariant derivative ∂µ + iqAµ in order for the ∂µα(x) terms to cancel each other. This pair of phase factor-gauge transformation is not unique. Another pair that retains gauge symmetry and results in the same covariant derivative has the q included in the phase factor, i.e.,
The fact that this pairing is not unique is not surprising since a change in the phase factor and gauge transformation have no physical significance.
YANG-MILLS FIELD STRENGTH
Pauli, in equation 22a of Part I of his 1941 review article [3] gives the electromagnetic field strength in terms of a commutator 1 . In present-day usage it is
where Dµ is the covariant derivative ∂µ + iǫAµ. Mathematically, equation (3) corresponds to the curvature (the field strength) reflecting the effect of parallel transport of a vector around a closed path, i.e., its holonomic behavior. If the field strength is zero, the vector will return to its point of origin pointing in its original direction. In their 1954
paper [5] Yang and Mills do not mention this relation, although they do cite Pauli's 1941 article [3] . They use
where ψ is a wave function and S is a local isotopic spin rotation represented by an SU(2) matrix, to obtain the gauge transformation in equation 3 of their paper
where Bµ represents a field incorporating isotopic spin matrices. They 2 then define the field strength as
They didn't know at that time that this corresponds to Cartan's second structural equation which in differential
, where A is a connection on a principal fiber bundle.
On page 19 of his selected papers [6] , Yang states
it was easy to get [our equation (5)]. Then I tried to define the field strength Fµν by Fµν = ∂νBµ − ∂µBν which was a "natural" generalization of electromagnetism.
Yang returned to this work when he collaborated with Mills when they shared an office at Brookhaven. They published their results in their 1954 paper [5] . There they introduce equation (6) In section 5, we show that by substituting our equation (5) into the electromagnetic field strength
dictates adding a non-electromagnetic term, i.e., the non-Abelian term, so that their equation (5), the similarity transformation, is satisfied.
Using the Yang-Mills covariant derivative (∂µ − iǫBµ) let's see how the Yang-Mills field strength is obtained from the
operating on the wave function ψ. Note that −∂µ(Bν ψ) = −(∂µBν)ψ − Bν∂µψ and ∂ν(Bµψ) = (∂νBµ)ψ + Bµ∂νψ.
So we get a needed −Bν∂µ and a Bµ∂ν term to cancel Bν∂µ and −Bµ∂ν respectively. Thus expanding (7) we get
which reduces to iǫ(∂ν Bµ
THE FIELD TRANSFORMATION
We present a detailed derivation of the gauge transformation by using the transformation
instead of the traditional ψ = Sψ ′ , i.e., the one Yang and Mills used. In order to obtain the gauge transformation in equation 3 of the Yang and Mills paper
requires you to use 3 ∂µS −1 = −S −1 (∂µS)S −1 . Thus, the approach indicated by equation (9) is marginally more straight-forward since it doesn't require differentiating the inverse of a matrix. You must, however, perform this differentiation when deriving the field strength.
The covariant derivative, Dµ = ∂µ − iǫBµ, transforms the same way as ψ does
The following can be obtained by differentiating
The left-hand side of equation (11) becomes
But (12) equals S∂µψ − iǫSBµψ. Cancelling S∂µψ on both sides we get,
thus
We will use S = e iα(x)·σ . So for α infintesimal, S = 1 + iα · σ which produces
, setting Bµ = σ · bµ, and since α is infintessimal, dropping terms of order α 2 , we get
and finally
which (because our S is the inverse of Yang-Mills' S) is equation 10 in the Yang-Mills paper [5] .
FINDING THE FIELD STRENGTH
We reconstruct how one can go about determining the field strength. Since
let's start off with the electromagnetic-like field strength in the primed system
and express it in terms of the non-primed system fields. We calculate ∂νB
So
We see that the +S 
which equals After performing the cancellation, we get
which satisfies equation (19).
Using equation (15) As we know today, the commutator part of the YM field strength represents the interaction of the quanta of the B field, which is due to the isospin they carry.
CONCLUDING REMARK.
The conserved current of electromagnetism is associated with the U(1) gauge group which has the photon as its gauge particle. Because Yang and Mills worked with an SU(2) symmetry, their theory predicted three gauge particles.
However, since the gauge invariance is local, there can be no mass term in the YM Lagrangian, so the gauge particles predicted by the YM theory have zero mass. This was corrected by the electroweak SU(2) x U(1) theory which incorporates YM non-abelian gauge theory. It predicts the existence of four gauge bosons: the three massive ones, W ± and Z 0 , and the photon.
